ABSTRACT How to provide efficient information service for high-mobility scenarios, including high-speed railway communications (HSRCs), is one of the most important requirements in future 5G communication networks. In HSRCs, due to pass-loss effect, the information rate between roadside base station (BS) and the moving train closely depends on the distance between the BS and the train, and the high-mobility speed of trains makes the path loss vary fast with time. It is essential to implement time-domain power allocation to mitigate the near-far effect. To explore the information transmission capacity of HSRCs, some power allocation schemes were developed. With the water-filling method, the maximum amount of information (mobile service amount) can be delivered, where, however, most power is allocated to the time interval when the train is nearest to the BS, which causes great unfairness with respect to time. Although the proportional power allocation can achieve much better fairness along the time, it causes a relatively big loss in mobile service amount, resulting in low utilization efficiency of HSRC channels. Enlightened by the definition of Rényi entropy, this paper proposes an novel power allocation scheme called β-fairness power allocation, which is able to achieve relatively high mobile service amount with fairness between the water-filling and proportional power allocation. It is a generalized fairness power allocation, by which the tradeoff between the mobile service amount and fairness can be easily controlled by adjusting the value of β. Particularly, as β = 0, it becomes a traditional water-filling method, while β = 1, it becomes the existing proportional power allocation. To achieve a more general power adjustment with user QoS requirement, the rate-constrained β-fairness power allocation is also investigated, where a closed form of the rough optimal result is first derived and then the precise power allocation is obtained by an efficient algorithm. Besides, we also discuss the impact of different parameters on system performance, which may provide some useful insight for an HSRC system design.
FIGURE 1.
Illustration of various scenarios in future 5G system. construction industry. With the fast deployment of highspeed railway with operation speeds of more than 300 km/h, the high-speed railway communication (HSRC) has attracted more and more attention all over the world [8] - [11] . In highspeed railway systems, wireless mobile communication plays a very essential role, which delivers information not only for special applications such as train scheduling control and safety monitoring but also for public applications such as internet services for passengers [12] , [13] . On one hand, the number of high-speed train passengers is increasing very fast day by day. Mobile telephone users are expecting ever higher network capacity and connection quality, and while using expressways and high-speed rail, travelers are also demanding high-quality voice and data-rich communication. On the other hand, due to various kinds of channel fading, especially the near-far effect caused by pathloss in HSRC systems, high transmission capacity and excellent service quality may be hard to guarantee simultaneously. Therefore, designing reliable and efficient high-speed railway communication system is quite important but challenging [14] , [15] .
B. RELATED WORK
So far, a lot of research work on HSRCs can be found in the literature, see e.g., [16] - [22] . Among them, some focused on modeling or estimating the channel between a mobile train and an BS. For example, [16] presented a novel channel estimation technique by exploiting features of HSRC environment, i.e., regular and repetitive routes and timetables, and [17] proposed a Doppler shift information map construction method via field tests. Some focused on designing efficient transmission strategies for HSRCs, see e.g., [18] , [19] and [20] . Luo et al. [18] proposed a multiplegroup multiple-antenna (MGMA) scheme that is able to make the columns of MIMO channel orthogonal by adjusting the weights among MGMA arrays and achieve stable capacity gain for HSRC systems. Zhang et al. [19] presented an optimal power-allocation policy given the delay constraint in high-speed railway scenarios. In [20] , the performance of massive spatial modulation multiple-input MIMO over a spatial-temporal correlated Rician fading channel was investigated under an HSRC scenario. While, the others focused on investigating the system architecture design for HSRCs. In [21] , the basic broadband HSRC network architecture was designed, where microcells and distributed antenna systems based cells were introduced to HSRC systems. In [22] , a seamless handover scheme based on a dual-layer and duallink system architecture was presented to reduce the interruption time of the communication between the train and BSs. In [23] , a novel railway communication system based on control/user (C/U) plane split heterogeneous networks was proposed to provide high-quality broadband wireless service for passengers in HMWC with higher system capacity.
Nevertheless, there are still many important issues required to be investigated both in theory and engineering for HSRCs. For example, one of the most important fundamental questions is how to effectively explore and characterize the information transmission capacity of HSRC systems with user's quality of service requirement.
As is known, in HSRC systems, the train moves very fast on the rail track, so the distance between the base stations (BS) and the train changes very quickly, which results in a fast time-varying instantaneous channel capacity (also referred to as the near-far effect in HSRCs) between the BS and the train. In order to efficiently characterize the information service capability of HSRCs, the concept of mobile service amount was presented in [25] and [26] , which was extended from the channel service [24] by considering the length of the service period of a BS. Based on the mobile service amount, [25] studied the base station arrangement for HSRC cellular systems, where the most efficient range of BSs service and the BS deployment were derived. Considering the fact that the train moves with a constant velocity in most cases and the distance as well as the transmission rate from the BS to the train can be predicted in time at the next moment, [26] investigated the time-domain power allocation for HSRC system in order to explore the trade-off between the instantaneous information rate and the rate fairness along time/train's position. It was shown that the water-filling power allocation is able to achieve the maximum mobile service amount for a given period of T . However, due to the near-far effect, water-filling method allocates more power to the time when the train is closer to the BS, which causes serious unfairness of the information rate along the time. Although the channel-inverse power allocation can achieve strictly time fairness, it yields very low mobile service amount. In order to achieve the better time-domain fairness compared with the water-filling method and the higher mobile service amount compared with the channel-inverse method, a proportionalfairness power allocation was designed in [26] . Li et al. [27] investigated the QoS-distinguished time-domain power allocation algorithm to achieve the largest achievable rate region for delay-sensitive stream and delay-insensitive stream, where however, the time-domain rate-fairness was not considered.
C. MOTIVATIONS AND CONTRIBUTIONS
So far, how to design an efficient time-domain powerallocation scheme for HSRC systems is still an open problem. The reasons are explained as follows. Firstly, compared to the water-filling method, proportional-fairness power allocation losses too much mobile service amount, and compared to the channel inverse method, it scarifies too much time-fairness. Moreover, with existing power allocations, it is unable to achieve other mobile service amount and fairness trade-off between the water-filling and channel-inverse methods. Secondly, due to the deployment complexity and cost, it is impossible for a practical system to employ multiple power allocation algorithms to realize the trade-off between the maximum mobile service amount and the strict timedomain fairness. Thirdly, for the delay-sensitive applications, user QoS requirement is very critical, but existing powerallocation methods were designed without considering the user QoS constraints (e.g. minimal rate constraint).
To answer this problem, in this paper, we try to design a generalized time-domain power allocation scheme for HSRC, which is able to achieve arbitrary mobile service amount and fairness trade-off between the water-filling and channelinverse methods. To this end, enlightened by the definition of Rényi entropy, we propose a β-fairness power allocation scheme, with which, any trade-off between the maximal service amount and the strict fairness can be realized by adjusting the value of parameter β. Particularly, when β = 0 and β = 1, our scheme turns to the waterfilling power allocation and the proportional power allocation, respectively. Thus, the work in [26] just is a special case of our work. For the β-fairness power allocation, a closed-form of the rough optimal result is first derived and then we design an efficient algorithm to achieve the precise power allocation results. Besides, to achieve a more general power allocation with user QoS requirements, the rateconstrained β-fairness power allocation is also investigated in this paper. Additionally, the impact of different parameters on the system performance is also discussed via simulations, which provides some useful insights for future HSRC system design.
D. ORGANIZATION
The rest of this paper is organized as follows. The system model and some existing time-domain power allocation schemes are presented in Section II. In Section III, β-fairness is presented and the problem to find the optimal β-fairness power allocation is also formulated. In Section IV, the β-fairness optimization problem is solved. In Section V, the rate-constrained β-fairness is investigated. Section VI presents some numerical results to compare and discuss the performance of the proposed schemes and finally Section VII summarizes the paper with some conclusions.
II. SYSTEM MODEL
Consider a high-speed railway system, where all base stations (BSs) are positioned along the railway line. Each BS is 
The channel gain at time τ over the HSRC link is modeled as h(τ ) = d(τ ) σ , where σ is the pathloss exponent. The reason that only the path-loss fading is involved in the HSRC channel model can be explained as follows. In HSRC systems, the pass-loss effect is the dominant factor on the channel gain. It was reported that most sections of the highspeed railway are composed of viaducts [28] , especially for Chinese HSR systems. For example, over 86.5% sections of the Beijing-Shanghai HSR railway are viaducts. As is known, in the viaduct environment, it is lack of scatters, so the received signal is not rich in independent signal paths over the HSRC link, among which the ling of sight (LOS) path holds the overwhelming majority power. Thus, the AWGN model or sometimes the Rician channel model may be more suitable for HSRC channels. Moreover, in [24] , it was proved that for independent identical distributed fading channels, the service provided by the channel can be described by a deterministic time-linear function, just like the AWGN channel, so the instantaneous received noise at time τ can be modeled as
1 Here, the cell radius is not the traditional coverage radius but the service radius. The service radius of a BS is determined by the service boundary between it and its neighboring BS. When a train goes pass the boundary, it will be serviced by the neighboring BS and its is out of the cell radius of current BS. VOLUME 5, 2017 where B is the limited signal bandwidth and N 0 is the noise power spectral density. We also assumed that the frequency offset estimation and correction are perfect [28] .
With these assumptions mentioned above, the power allocation is feasible along the time for practical HSRC systems. Let P be the average available transmit power of BS. Thus, the total available energy for BS can be expressed as PT when the train is moving from ''O'' point to the cell edge. By using some power allocation method, PT can be allocated along time for BS to transmit information. Denote the instantaneous transmit power as P(τ ), the power allocation policy must satisfy that
First of all, we shall give some definitions. Definition 1 (Mobile Instantaneous Capacity): Suppose the train moves at velocity v, the instantaneous capacity of the channel between the BS and the train at time τ is
Moreover, the channel service was proposed in [24] to characterize the transmission process over fading channels from a cross-layer designing perspective. In [26] , it was extended to describe the service amount of HSRC channels. In [29] , the channel service amount was applied to heterogenous high-mobility vehicular networks for free way scenarios. Now, we represent it as follows.
Definition 2 ( [24] Mobile Service Amount):
The mobile service amount S(t) is defined as the amount of transmission service provided by the channel during a period of t. It can be expressed as the integral of the instantaneous channel capacity over the period, i.e.,
S(t)
where C(τ ) is the instantaneous transmission capacity at time τ . This definition was proposed by observing the system from the receiver's perspective, which describes the amount of information that the receiver can collect over the channel during a period of t, with an assumption that the transmitter has a sufficient amount of data to be transmitted at each epoch. It is suitable to HSRC systems, because for high-speed trains, the time that it can be served by a BS is limited by the coverage of the BS and also highly desponds on the moving velocity.
Based on these definitions, we shall describe the power allocation for HSRC systems. Let us first review some existing power allocations investigated in [26] .
A. CONSTANT POWER ALLOCATION
The most straightforward scheme is the constant power allocation, in which BS maintains a constant transmit power all the time, i.e., P(τ ) = P. Thus,
Since this scheme ignores the variation of instantaneousness channel gain, the instantaneous achievable transmission rate becomes very low when the train is far from the BS, resulting in some unfairness w.r.t time.
B. CHANNEL INVERSION POWER ALLOCATION
The purpose of the channel inversion power allocation is to maintain a constant transmission rate at the transmitter for all 0 ≤ τ ≤ T . Therefore, the ratio between P(τ ) and N (τ ) is a constant. Thus, the instantaneous achievable transmission rate with the channel inversion power allocation is
where
and the power allocation can be expressed as
With the channel inversion power allocation, although the best fairness in terms of stable transmission rate is achieved, the power efficiency is very low. The reason is that too much of the power is used to compensate those time with very bad channel states. That is to say, the channel inversion power allocation achieves the best fairness along time at the cost of power efficiency.
C. WATER-FILLING POWER ALLOCATION
In water-filling power allocation, the system power is optimally allocated to achieve the maximum mobile service amount, which can be expressed by the following optimization problem.
By solving the optimization problem above, the the optimal power allocation of the water-filling scheme can be given by
where the operation [x] + = max{x, 0}. Since C(τ ) decreases monotonically as the train moving away from the BS, it can be seen that the optimal solution lies on edge of the feasible allocation region, i.e., there exists a fraction of T , in which the allocated power is zero. It was shown in [26] that when τ > t 1 for some t 1 , the allocated power for the channel should be 0. As a result, when τ > t 1 , the instantaneous achievable transmission rate is 0, which shows a very bad fairness although the water-filling method can achieve the maximum mobile service amount for the system.
D. PROPORTIONAL FAIRNESS POWER ALLOCATION
The proportional fairness power allocation was firstly proposed to balance the average throughput and user fairness in the HDR systems. By using the concept and relative theories on the proportional fairness, in [26] , the author presented the proportional fairness power allocation for HSRC systems.
A power allocation P(τ ) is said to be proportionally fair along time if and only if, for any feasible power allocation
where C (F) (τ ), is the transmission rate at the time τ by power allocation F(τ ).
In [26] , it was proved that the proportional fair power allocation can be achieved by solving the following optimization problem,
And a near optimal solution was derived for the proportional fairness power allocation and an effective algorithm was also designed to find the ε−optimal solution to the proportional fairness power allocation problem.
However, the results in [26] showed that compared to the water-filling method and the constant power allocation, although the proportional fairness power allocation achieves much better transmission fairness w.r.t time, but it causes a relatively large loss of mobile service amount.
By observing this phenomenon, we want to design a new power allocation for HSRC systems, which is able to achieve a good trade-off between the water-filling scheme (with best mobile service amount performance but the worst transmission fairness performance) and the proportional fairness scheme (with best proportional fairness performance but a relatively worse mobile service amount performance). Thus, enlighted by the definition of Rényi Entropy, we present the β-fairness and β-fairness power allocation for the HSRC systems in the following systems.
III. β-FAIRNESS AND β-FAIRNESS POWER ALLOCATION A. Rényi ENTROPY
In information theory, the Rényi entropy generalizes the Shannon entropy, the Hartley entropy, the min-entropy, and the collision entropy, which has the following form,
where p i is the probability distribution of random variable X . β is a positive real number. In fact, in the limit for β → 0, the Rényi entropy is just the logarithm of the size of the support of X . When β → 1, it equals the Shannon entropy.
As β approaches infinity, it is increasingly determined by the events of highest probability. Enlightened by the Rényi entropy, we try to find an expression with a parameter β, where by adjusting the value of β, the trade-of between the fairness of instantaneous achievable transmission rate and the mobile service amount can be achieved and the water-filling and the proportional fairness can be considered as special cases of it. Fortunately, we find a good expression, termed as the β-fairness.
B. β-FAIRNESS
Definition 3 (β-Fairness Instantaneous Capacity): Suppose the train moves at velocity v, the β-fairness instantaneous capacity of the channel between BS and the train at time τ is defined as
where 0 ≤ β ≤ 1. By observation, we can obtain some results.
Lemma 1: C β is a monotonously decreasing function w.r.t. β ∈ [0, 1).
Proof: The proof can be seen in Appendix A. According to lemma 1, it can easily inferred that C β (P(τ ))| β=0 > C β (P(τ ))| β=1 and the following Corollary 1 hold.
Corollary 1: For a given P(τ ), the β-fairness instantaneous capacity satisfies that C β (P(τ ))| β=1 < C β (P(τ ))| 0<β<1 < C β (P(τ ))| β=0 .
C. β-FAIRNESS POWER ALLOCATION
By adopting the definition of C β (τ ) in (11), we mathematically formulate an optimization problem to maximize the integration of C β (τ ) over τ ∈ [0, T ] through an optimized power allocation P(τ ) as follows.
Note that P(τ ) is continuous w.r.t τ so that it is value can not be infinite. Let P * w (τ ), P * p (τ ) and P * β (τ ) represent the optimal solution to the problems of (4), (6) and (9), respectively. Then, we obtain the following theorem.
Theorem 1: It holds that S P
(10) VOLUME 5, 2017 Proof: With the definition of S P * w (T ), we have
So, it can be deduced that
Proposition 1: The β-fairness power allocation optimization problem in (9) is a generalized form of the waterfilling power allocation and the proportional fairness power allocation.
Proof: Proposition 1 can be easily proved by setting β to 0 and 1, respectively. Specifically, when β = 0, C β (τ ) = C(τ ) − 1. In this case, the optimization problem in (9) is equivalent to that in (4) 
In this case, he optimization problem in (9) is equivalent to that in (6) . Therefore, Proposition 1 is proved.
IV. OPTIMAL SOLUTION FOR β-FAIRNESS POWER ALLOCATION
According to Proposition 1, when β = 0, the optimization problem in (9) is the same with that of the water-filling power allocation. In this case, it can be solved by the water-filling algorithm proposed in [26] . Also, when β = 1, the optimization problem in (9) is the same as that of the proportional fair power allocation. In this case, the solution can follow that given in [26] .
For the general case, we discuss the problem of (9) and solve it as follows. Firstly, we derive an explicit expression for the optimal solution. Since it is derived by using some relaxation method and may have some bias compared with the real optimal solution, we further design an efficient algorithm to give some modifications to the result obtained by the explicit expression, which is able to achieve an ε-optimal solution, where ε is with an arbitrarily small positive value.
A. ROUGH APPROXIMATE OPTIMAL SOLUTION
Proposition 2: For a given β ∈ [0, 1], the optimization problem in (9) is a concave optimization problem.
Proof:
Then, we have that
.
Further, we can derive that
Moreover, the constraint of 1 T T 0 P(τ )dτ = P is a convex set. Thus, Proposition 2 is proved.
Based on Proposition 2, one can easily transform the optimization problem in (9) to an equivalent one as
which is a convex optimization problem. By introducing a non-negative multiplier λ, the lagrangian of (14) can be given by
where (P(τ )) = λP(τ ) − λPT − C β (τ ). By adopting the K.K.T. condition, we have that
That is,
From (17), one can see that if β = 0, that P(τ ) * = B λ − N (τ ), which is the solution by using the water-filling method. If β = 1, it presents the same solution given by using the proportional fairness power allocation in [26] .
For 0 < β < 1, we have that
It can be solved by some numerical methods, e.g., Newton-iteration method and Bisection method. Nevertheless, consider that using numerical methods cannot provide more information for a better understanding the β-fairness power allocation, we derive an approximate explicit solution for (9) as follows.
Theorem 2: For a given β (0 < β < 1), the optimal β-fairness power allocation to problem (9) satisfies that
and W(z) is the Lambert W function with W(z)e W(z) = z. Proof: The proof can be seen in B.
Note that, as we adopt a relaxation from (37) to (38), there may be some bias between the result presented in Theorem 2 and the real optimal solution, and such bias sometimes even can not be neglected. Therefore, the result of Theorem 2 just can be regarded as a rough approximate optimal solution for β-fairness power allocation. To achieve a tractable result, we design an algorithm following the results of Theorem 2 in the next section.
B. ALGORITHM FOR ε-OPTIMAL SOLUTION
In this part, we aim to find the ε-optimal λ * based on (29) . It is known that the optimal power allocation follows (19) and satisfies the constraint
− 1 be the difference ratio and s pre = sgin( P) be a sign variable, indicating the difference and the sign of the difference between the current allocation and the optimal one. Then an algorithm for calculating λ * is given by Algorithm 1, where λ is the step size of λ of the iteration and ε is used to describe the maximum permissible power error P, which is also the key parameter to control the algorithm accuracy. Specifically, a smaller ε leads to a more precise result, but also more computational complexity and K 1 and K 2 are two constants for adaptively adjusting the updating step size of λ.
With the obtained λ * , the ε-optimal power allocation can be calculated by
C. CONVERGENCE ANALYSIS
We first present a Theorem as follows, which will be used in the convergence discussion of Algorithm 1.
Proposition 3: The P(τ ) in (19) is a monotonically decreasing function w.r.t. λ.
we can calculate
Algorithm 1 Searching the ε-Optimal Solution Input: 
s pre = sgin( P);
4:
5:
s cur = sgin( P); 8: if s cur · s pre > 0 then As shown in Algorithm 1, λ i will be increased in the Step 4 if s pre = 1 and be decreased if s pre = −1. The reason is that P(τ ) is monotonically decreasing with λ, which is described by Proposition 3. In Algorithm 1, we are changing the value of λ in the fourth step of the loop, which actually is 1 λ , so it can update the value of λ for each around of loop. To do so, the step size of λ is adaptively changed from the Step 8 to Step 12. Specifically, if P > 0 in two adjacent loops, the step size is increased so that the total power can approach PT more quickly. Otherwise, if P < 0 in two adjacent loops, it indicates that the total power just crossed PT . In this case, the step size is reduced so that it is closer to the optimal solution. Moreover, the step size can be reduced more quickly by the division of K 2 as seen in the Step 11 of the algorithm. Note that K 2 > K 1 , so that it can guarantee the decreasing speed of λ in the Step 11 is higher than the increasing speed in the Step 9. Furthermore, the values of K 1 and K 2 are chosen to be relatively prime numbers (For example, in our design, we set them to be 2 and 7, respectively). Therefore, Algorithm 1 can converge very quickly, avoiding endless loops.
V. RATE-CONSTRAINED β-FAIRNESS POWER ALLOCATION
In Section III, β-fairness power allocation for HSR systems was investigated without rate constraint. Consider that the some users within the moving train have requirement on the minimal transmission rate, in this section, we shall VOLUME 5, 2017 discuss the β-fairness power allocation for HSR systems with rate constraint, where the instantaneous transmission rate during the time period T has to be maintained above a threshold R th . The problem is mathematically expressed by
Compared with problem (9), the rate constraint, i.e., C(τ ) ≥ R th , is added into (23), which is a convex set. Thus, (23) is a concave optimization problem, whose Lagrangian function can be given by
where λ and ζ are non-negative Lagrangian multipliers. By letting L(λ, ζ, P(τ )) = 0, we have that
(25) is a transcendental equation, which has no explicit solution. In order to obtain some explicit result, alteratively, we present the following solution method for it. Actually, the total energy over T of the system can be regarded as the summation of two parts, i.e.,
where p * r (τ ) is the power allocated to time τ to meet the rate constraint and p c (τ ) is the power allocated to time τ to contribute the the maximization of 
Therefore, to determine the optimal P * (τ ), we only need to find the p * c (τ ).
Substituting (26) into problem (23), we can remove the rate constraint. As the result, problem (23) is equivalently transformed into
Theorem 3: For a given β (0 < β < 1), the optimal β-fairness power allocation to problem (27) satisfies that (28) where
and W(z) is the Lambert W function with W(z)e W(z) = z. Proof: The proof can be seen in C. Similar to the non-rate constrained β-fairness power allocation analyzed in Section IV-B, Theorem 3 also only guarantees a rough optimal solution of Problem (23) and (27) . In order to achieve a more precise optimal solution, Algorithm 1 can also be applied, where λ 0 = 1 ρ , and (21) and (19) should be replaced by (28) .
VI. NUMERICAL RESULTS
In this section, we present some numerical results to compare and discuss the performance of our proposed β-fairness power allocation with other methods. The parameters in the numerical experiments were configured as follows. The system bandwidth is W = 1 MHz and the average transmit power is P = 5 dBW. The minimum distance between the BS and the railway is assumed to be d 0 = 100m, and the cellular radius is set to be R 0 = 2.5km and the velocity of the train is v = 300km/h. The pathloss exponent was set to be σ = 4. the initial step size is λ = 0.01 in Algorithm 1, and the maximum allowable P is ε = 0.001. Note that, all the parameter setting mentioned above will not change hereafter in this section unless other specificated.
A. PERFORMANCE COMPARISON
Firstly, we present some numerical results to compare the performance of the existing methods including the waterfilling method, the channel inversion method, the constant power allocation and the proportional fair method with our proposed β-fairness power allocation along time. Since d 0 = 100, R 0 = 2.5km and the moving spped of train is set to be 300km/h. So, T . = 30s. In Figure 3 and Figure 4 , the mobile service amount and the instantaneous achievable rate of different power allocation methods versus τ are plotted, respectively. It can be seen that the water-filling method achieves highest service amount among these methods, but it is with the worse fairness in terms instantaneous achievable rate along time. For τ ≤ 14s, water-filling method achieves much higher transmission rate than the rest power allocation schemes but for τ > 14s, it only provides very low instantaneous achievable rate for the HSRC system. Meantime, it also can be observed that the channel inversion method gets the best fairness along time by providing a stable data rate, but it can only provide very low mobile service amount, which causes the worse power efficiency. Comparatively, the proportional fairness method, the constant power allocation and our proposed β-fairness power allocation can achieve much better trade-off between transmission rate fairness and mobile service amount. Specifically, the proportional fairness method has the better rate fairness, but it achieves lower mobile service amount than the constant power allocation. However, it can be seen that compared with the water-filling method, both constant power allocation and proportional fairness method cause an obvious system performance loss in terms of mobile service amount. In Figure 3 and Figure 4 , it also shows that our proposed β-fairness can achieve much more flexible trade-off between the achievable rate and mobile service amount. Compared with the case β = 0.55, when β = 0.25, higher mobile service amount can be achieved, but worse rate fairness it causes.
For better understanding the difference among these methods, in Figure 5 we present the optimal power allocation results obtained by them. It shows that, to achieve the best power efficiency, the water-filling method allocates more power to the time closer to ''O'' point. In contrast, the channel inverse method allocate more power to the time more far away from ''O'' point to keep a stable transmission rate along time. It also shows that, with proportional fairness method, more power is also allocated to the time farther away ''O'' point. With our proposed β-fairness, more power is allocated to the relatively middle part of time. Moreover, for a larger β, e.g. β = 0.55 more power is allocated to the time when the train are far way from the BS. This just explains the result in Figure 3 and Figure 4 that a larger β is with better rate fairness along time but only can provide relatively lower mobile service amount.
B. IMPACTS OF DIFFERENT PARAMETERS
In this subsection, we shall discuss the impacts of the different parameters on our proposed β-fairness power allocation. 
1) MOBILE SERVICE AMOUNT VERSUS β
Firstly, we change the value of β from 0.05 to 0.95 with other parameter setting mentioned previously unchanged. Figure 6 VOLUME 5, 2017
shows the relationship between the achieved mobile service amount and β. It can be obserd that the achievable mobile service amount of the β-fairness power allocation decreases with the increment of β, which is between that achieved by water-filling method and that by the proportional fairness method. It also shows that with our parameter configuration mentioned previously, when β = 0.67, the β-fairness allocation can provide the same mobile service amount with that of the constant power allocation method. 
2) MOBILE SERVICE AMOUNT VERSUS P
In the simulation, we set β to be 0.5. Figure 7 plots the mobile service amount versus the average transmit power P. It can be seen that a larger P will lead to a higher mobile service amount for each method. Moreover, it also can be observed that the growth rate of the constant power allocation and the proportional fairness is a little bit higher than that of the water-filling method and the β fairness. The reason is that for a given P, the water-filling method and the β fairness have got much better channel utilization efficiency than the rest two method. Therefore, when P increase to P + P with a very small increment P, the potential capacity of the water-filling method and the β fairness in improving the mobile service amount may be a little bit weaker than the rest two methods.
3) MOBILE SERVICE AMOUNT VERSUS THE MOVING SPEED OF TRAIN
In this subsection, we set β and P to be 0.5 and 5dBw, respectively. Then we change the moving speed of train from v = 200 km/h to v = 500 km/h. Figure 8 plots the mobile service amount versus v. It can be seen that a larger v leads to a lower mobile service amount for each method. The reason is that for a fixed R 0 , the higher the speed of the train moves, the shorter service time T it can have, which results in a lower service amount.
4) MOBILE SERVICE AMOUNT VERSUS THE CELL RADIUS R 0
In this subsection, we set β and P to be 0.5 and 5dBw, respectively and also keep the train with a constant moving speed at v = 300 km/h. Then we change the cell radius R 0 from 1 km to 4 km. Figure 9 plots the mobile service amount versus R 0 , where R 0 also represents the coverage of the cell. The larger R 0 , the larger T for calculating the mobile service amount. But a larger T may result a lower allocated power at each time τ . It can be seen that different schemes have different performance versus R 0 . With the increment of R 0 , the water-filling method, the β-fairness power allocation and the constant power allocation method can increase their mobile service amounts, while the proportional fairness method and the channel inverse method decrease their mobile service amount. The reason is that, for the first three schemes, more power are allocated to the time closer to the ''O'' point illustrated in Figure 2 along the time axis for higher mobile service amounts. A larger R 0 indicates a longer T , which provides a larger space for them to optimally allocate the power along the time axis within the period T . Thus, higher mobile service amounts are achieved by the water-filling method, the β-fairness power allocation and the constant power allocation method. In contrast, for the other two methods, i.e., the proportional fairness method and the channel inverse method, as more power are allocated to the time farther way from the ''O'' point time along the time axis for much fairer achievable rates. So, a longer T will leads less power to be allocated to the time closer to the ''O'' point, which cause lower channel utilization efficiency and power efficiency. 
C. RATE-CONSTRAINED β-FAIRNESS POWER ALLOCATION
In this subsection, the system performances of the rateconstrained β-fairness power allocation are discussed, where R th = 8 × 10 4 m/s. Figure 10 , Figure 11 and Figure 12 plot the mobile service amount, the instantaneous information rate and the optimal power allocation of the methods versus time, respectively. Figure 10 shows the similar result to that in Figure 3 , where water-filling and channel inverse achieve the highest and the lowest mobile service amount, respectively, and a smaller β yields a higher mobile service amount. In Figure 11 , our proposed β-fairness and the proportional fairness guarantee the minimal required information rate when the train is relatively far away from the the BS and achieves relatively higher information rate when the train is relatively close to the the BS to maximal the fairness-aware maximal mobile service amount. But the constant power allocation and water-filling method cannot guarantee the minimal required information rate when the train is relatively far away from the the BS. In Figure 12 our proposed β-fairness and the proportional fairness allocate increasing power versus τ to the case when the train is relatively far away from the the BS to meet the required rate constraint and allocate relatively less power to the case when the train is relatively close to the the BS to maximal the fairness-aware maximal mobile service amount. 
D. CONVERGENCE SPEED OF THE β-FAIRNESS POWER ALLOCATION
In this subsection, we present some numerical results to show the convergence performance of our proposed scheme. The number of iterations for Algorithm 1 to find the optimal λ * are plotted in Figure 13 . Firstly, it can be seen that Algorithm 1 can converge with less than 30 iterations. Secondly, it can also be observed that the convergence speed of our proposed β-fairness power allocation never increase with the increment of P. The reason is that our proposed power allocation firstly derives a rough optimal result and then searches the precise one via iterations, rather than directly search the precise optimal result for a given P. Thus, the increment of P has no effect on the convergence speed of our proposed β-fairness power allocation.
VII. CONCLUSION
Different from conventional mobile communications, especially the cellular communication, the varying pathloss effect along time greatly influence the system performance of high-speed railway communications. These features make it indispensable to implement power allocation along the time. In this paper, we proposed an novel power allocation scheme called β-fairness power allocation, which is able to achieve relatively high service amount with fairness between water-filling method and the proportional power allocation scheme. It provides a generalized fairness power allocation, by which the tradeoff between the mobile service amount and fairness can be easily controlled by adjusting the value of β. In particularly, as β = 0, it becomes traditional waterfilling method, while β = 1, it becomes the existing proportional power allocation. Besides, we also discussed the impact of different parameters on the system performance, which may provide some useful insights for HSRC system design.
Appendix A PROOF OF THE LEMMA 1
The derivation of C β (β) w.r.t. β is given by
Since C(τ ) 1−β > 0 and (1 − a) 2 > 0, wether ∂C β (β) ∂β be negative or positive is determined by the term 1
By using taylor expansion, we have
Thus, it can be deduced that
With combination of (30) and (33), it can be deduced that ∂C β (β) ∂β < 0. So, Lemma 1 holds.
Appendix B PROOF OF THE THEOREM 2
Let X = P(τ ), A = λ B 1−β and Q = N (τ ). Then, according to (17) , we have that
So, it can be given by e (AX +AQ)
Submitting it into (34), we can obtain that
Further, let
According to the definition of Lambert W function, we obtain
As a result,
Since (36) contains an undetermined parameter λ, which can be solved by using the constraint
Although both P(τ ) and λ are closely associated with T , by defining a very small variation T , it is full of reasonableness to assume that P(τ ) and λ don't change much from T to T + T . With this approximation, we can take the derivation on both sides of (37) w.r.t T . We then get that
which is equal to
Since the Lambert W function satisfies that W(z)e W(z) = z, then we can derive that 1 β (AQ)
With some manipulations, it yields
Therefore, Theorem 2 is proved.
Appendix C PROOF OF THE THEOREM 3
By introducing two non-negative multipliers ρ and ν, the lagrangian of (23) 
By taking the derivation on both sides of (46) w.r.t T . We then get that As a result, we obtain that
Moreover, since the Lambert W function satisfies that W(z)e W(z) = z, then we can derive that 1 β [ (P + N (T ))] 
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